o Transformations ié when we change the basic graph of a function in 2-dimensional space
e Inthis section, we will look at: ‘ '
o Translations — vertical and horizontal shifts
o Compression and Expansion — stretch and squeeze
o Reflections — in both the x and y axes

This can seem a little daunting, so wé will

o If we consider a basic function: y = f(x) o =
; look at it piecewise. ;
Transformations can give us shifts represented by: y=af[b(x—c)]+d

Translations, or shifts, are additions or subtractions represented by c and d
Expansions, or compressions, are multiplications shown by @ and b
3. Reflections happen when a or b are negative

> Constants a and d, which are “outside of the function”, affect the y — values of the ordered pairs
> Constants b and c, which are “inside the function”, affect the x — values of the ordered pairs
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i This is a big deal and can help us make this
process as simple as possible!!

e Let’s look at these various transformations separately.
Translations

A translation is when the graph is shifted in the left or right (x direction) or the up and down
(y direction), without changing the shape of the original graph

a) Vertical Translations (y direction), d > 0

ifd > 0,for the graphof 7 = F(&),the graph ofi . cocmmmcmionnsmm s osssanna ,
Vertical Translations are quite intuitive,

y = f(x) + d s shifted up “d” units they literally move up or down depending

g = £ — s shiifted down @ onits of the sign and number of the d value

See the following graphs as examples of vertical translations
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Example 1:

Quadratic Graphs
g e y=x2+1 y=x%~2
y=fx) y=f)+1 y = f(x)—2

Square Root Graphs

y o/f"/ﬁ

y=+x y=vx+1 y=+x—2
y=f y=f+1 y=f(x)—2

Absolute Value Graphs

5

y = lx| y=Ix|+1 y=lx| -2
y=f ) y=f)+1 p=jlx)=2

=




Cubic Graphs

5 / B)

y =x° peEt+ 1 y=x3-2
y=f(x) y=fx)+1 y=f(x)—2

Reciprocal Graphs

L}

=1iq -1
Y~;+ y=o
y=f(x) y=f(x)

b) Horizontal Translations (x direction), ¢ > 0

If ¢ > 0, for the graph of y = f(x), the graph oft  ooeeeme e ;
Horizontal Translations are not intuitive,

y = f(x + c) is shifted left “c” units ! they move the opposite direction of the
sign of the c value

y = f(x — ¢) is shifted right “c” units

| like to think to consider “what value of x makes the inside zerg”. That value is
where you move on the x — axis.

y=f(x—-3) or y=flx+2)
| Moves right3,0rx =3 | | Moves left 2, orx = —2 |
makesx —3 =0 makesx +2 =10 '




Example 2:

Square Root Graphs

6

w0

| y = f(x) y=fe—1) y=fx+2)
Cub"i-c Graphs

8

A

~

Summary

Vertical and Horizontal Translations of v = f(x) with point (x, ¥)

ifc,d > 0:
1. Vertical translation of d units upward h(x)=fx)+d, (x,y+4d)
2. Vertical translation of d units downward h(x)=f(x)—d, (x,y—d)
3. Horizontal translation of ¢ units to the right hx)=flx—c), (x+¢y)
4. Horizontal translation of c units to the left

h(x)=flx+c), (x—cy)
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Example 3: Write the equation of the function f(x) = Vx after a transformation
4 units right and 3 units down

Sclution 3: glx) =¥xr—4&—3 i Three units

To the right |
means x — 4

______________________

Example 4: What transformations have occurred to change y = f(x) into y = f(x —2) +4?
Solution 4: Horizontal translation: 2 units right Vertical Translation: 4 units up

Example 5: If (2,2)isiny = f(x), which pointisony = f(x +3) — 2 é——J R

Solution5:  (x—3,y —2) ‘T . ¥ — coordinate |
i Thismovesthe | | down 2 units |
(2-3,2-2) - (-1,0) | x—coordinate | ‘e ‘

: left 3 units :

Reflections

The next type of transformation is a reflection. We are going to talk about reflecting over the
x — axis and y — axis only.

e Consider reflecting over the x — axis, all y — values change their signs.
o Consider reflecting over the y — axis, all x — values change their signsf:

For the graph of y = f(x), the graph of:

> y = —f(x)is a refection of the y — values, a reflection in the x — axis
> vy = f(—x)is a refection of the x — values, a reflection in the y — axis
> y = —f(—x) is a refection of the x and y — values, a reflection inthe x and y — axis

A ) i. H 3
y=+x y=—Vx y=+-x y=—v=x
y=f() y=—f(x) y=f(—x) y=—f(—x)
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Summary

Reflections of v = f(x) with point (x, v) in the two Axes

1. Reflectioninthe x — axis h(x) = —f(x), (x,—¥)
2. Reflectioninthe y —axis hix) = f(—x), (—x,3)
3. Reflection in both axes hx) ==f(=x), (—x,—y)

Ar Example 6: Write the equation of the function f(x) = sz +x  ifitis reflected in the:

a) x—axis

b) y—axis

Solution 6
a) f(x) - —fx) 50 x4 x - —(x*+x)=—x%—x
b) fx) = [f(=x)  so iz - A= -x

Example 7: What transformations have occurred to change y = x* + 2x into y = —(x* + 2x)?

Solution 7: Since the entire original function is inside the brackets, the negative on the outside. It is a
reflection of the y — values (the x — axis).

Example 8: If (3,2) isiny = f(x), which point is on:

a) y=-f(x)
b) y=f(—x)
c) y=—f(—x)

Solution 8:

a) Sign change in y — values: (3,-2)
b) Sign change in x — values: (-3,2)
c) Sign change in x and y — values: (—-3,-2)
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Compression and Expansion of Graphs

e Vertical and horizontal shifts leave the shape of the graph the same
e Compressions and Expansions graph a shape change, either a squeeze of a stretch
e There are helpful markers to determine whether or not it is a Vertical or Horizontal stretch

a) Vertical Compression and Expansion
For the graph of y = f(x), the graph of:
¥y = a- f(x)is a Vertical Expansion if a > 1 (Expansien by a factor of a)

y = a- f(x)is a Vertical Compression if 0 < a < 1 (Compression by a factor of a, where ais a
proper fraction)

For the graph of y = f(x), the graph of: Vertical Expansions and Compressions

keep the x — intercepis of the original

vy = 2f(x) is a Vertical Expansion by a factor of 2
; function!

1
y= gf(x) is a Vertical Compression by a factor of =

Example 11:

Quadratic Graphs

10 Ry

y=x*~1 y=3x%*-1) 1
: : 1
Basic Graph Vertical Expansion by Y= Ef(x)
a Factor of 3

Vertical Compression by

1
a Factor of 5

Oz




b} Horizontal Compressions and Expansion

For the graph of y = f(x), the graph of:

1
y = f(bx) is a Horizontal Compression if b > 1 (by a factor of E)

1
v = f(bx) is a Horizontal Expansion if 0 < b < 1 (by a factor of E where b is a proper fraction)

¢ Horizontal Expansions and Compressions

or the graph of y = f(x), the graph o : - function!

keep the y — intercept of the original

' ’ 1
y = f(2x) is a Horizontal Compression by a factor of -

y= f(—;- x) is a Horizontal Expansion by a factor of 3

Example 11:

Quadratic Graphs

o

£ 5 0] 5 § Ir} 5
y= 2 R y = (22)°
y=1) 7=(3%) = 1@
. 1
Basic Graph y=Ff (E x) - Horizontal Compression by
Horizontal Expansion by & FeCsor af 9
a Factor of 2
*You see the y — intercepts did not change, but the shape of the graph was altered*
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Summary

Vertical and Horizontal Compressions and Expansions of

v = f(x) with point (x,v)

fa>1,b>1: \

1. Vertical expansion by a factor of a h(x) = af (x),
1

2. Horizontal compressions by a factor of % h(x) = f(bx),

fo0<a<1,0< b<1:

3. Vertical expansion by a factor of a (a is a proper fraction) h(x) = af(x),

h(x) = f (bx),

1
4. Horizontal compressions by a factor of »

(b is the reciprocal of a proper fraction)

Example 12:  Write an equation for the function y = /x, with a

a) Vertical Expansion by a factor of 2

1
b) Vertical Compression by a factor of 5

c) Horizontal Expansion by a factor of 2

1
d) Horizontal Compression by a factor of 5

Solution 12:
a) y=2&  bly=3Vx J y= [3% d)y =2z

" Example 13:  What transformation has happened to y = f(x) to produce y = 3f(%x)?
Solution 13:

v' Vertical expansion by a factor of 3

v Horizontal expansion by a factor of T 4
4

Example 14: If (3, 1) isony = f(x), what pointison y = 2f(4x)?

Solution 14:

wn - (o) - (fwow) - (o)




a) Theshape f(x) = x?%, moved 4 units to
the left and 5 units downward.

- Practice Problems

1. Write an equation for the function that is described by the given characteristics.

b) The shape f(x) = x?, moved 2 units to
the right, reflected in the x — axis, and
moved 3 units upward.

¢) The shape f(x) = x3, moved 2 units to
the right and 3 units downward.

d) The shape f(x) = x3, moved
1 unit downward and reflected in the y —
axis.

e) The shape f(x) = |x|, moved
6 units upward and 3 units to the left.

f) The shape f(x) = |x|, moved 3 units to
the left and reflected in the x — axis

: g) Theshape f(x) = +/x, moved 7 units to
' the right and reflected in the x — axis

h) The shape f(x) = vx, moved
4 ynits upward and reflected in the
y — axis
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2. 1f (—3,1) or (a,b) is a point on the graph of y = f(x), what must be a point on the graph of the

_following?

a) y=[f(x+2) b) y=/70)+2

o y=FlEg-2)—2 d y=-f)

e) y=f(-x) f) y=—f(2x)
h) y=—f(x+2)

g) y=f(=x)—2

3. Usethe graphof f(x) = x to write an equation for each function whose graph is shown. Each
transformation includes only reflections or expansions/compressions. ’

b)

11




4. Use the graph of f(x) = x? to write an equation for each function whose graph is shown.

Each transformation includes only reflections or expansions/compressions.

b)

10

5. Use the graph of f(x) = x® to write an equation for each function whose graph is shown.
Each transformation includes only reflections or expansions/compressions.

(%}

' (%2}

.,
<

b)

e s e e

i (—1.4) \
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8. Use the graph of f(x) = X3 to write an equation for each function whose graph is shown.

Fach transformation includes only reflections or expansions/compressions.

i)
~—

b)

1'0
9. Given the graph of f(x) below, sketch the graphs of the following:
3 2 0 1 2 3 4 5
w A =
a) y=—f(x) b) y=f(=x)
5 5
1 4
3 s
; 2 i 2
1 1
5 -4 3 2 Q 2 3 4 8 S5 4 3 -2 0
' -1 = -4
2 2l 52
uol -3
———— .4 A e S S e s R ) _4 -

15

s
)
w
Jen
[+]]
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o y=-—f(—x) d y=fx+1)
5 5
4 4
3 3
21 2
1 1
5 -4 3 2 i 0 1 2 3 4 5 5 4 3 2 -1 0 12 3 5
1 e 1
= e —_ 2
3 -3
e) y=f(x)—2 f)l y=f1-x)
5 ; 5
4 4
S A i R ._-.._......3. — —— 3 .
‘2 o 5 - . PR -
1 1 :
5 4 3 2 -1 0 1 2 3 4 5 5 4 3 2 10 ] 2 3 4
. -1 1
2 2
- s s e R e s -3
4 e - -4 B

10. If (—2,4) is a pointen the graph of y = f(x — 1), what must be a point on the following graphs?

a) y=f() b) y=—f(x)

1%




o y=f(=x)

d) y=/7x)+2

e) y=f(x+2)

18. Given the graph of f(x) below, sketch the graphs of the following:

5

a) y=2f(x)

f) y=—f(—x)

b) ¥ =f(2x)

w

4

15




9 y=—r(%) | Q) y=-3f(-%)

(@]
[&))

5 4 3 2 -t 0 t 2 3 4 5 5 4 3 2 <+ 0 i 2
e -1
5 — 2
-3 E.

e v mmese o e meew e weeom I 4

a y=___ ) b) y=__

™~

L

-4 -3 -2 -1 0 i

-3 ' s ; i A

.
RS

16

Ke)]




wy

N

g) y=
h) ¥ =
5
3 5

3 =2

s 54
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